Most of the boundary-value problems of mathematical physics are characterized by variational principles which assert that a function u satisfies such a problem if and only if a given functional is stationary at u. However, there does not seem to exist in the treatise literature any such variational characterization of the usual initial-value problems of interest. As a matter of fact Washizu [1] conjectured that in the case of the transient heat conduction problem such a principle is not possible since the problem is not self-adjoint. In this note, variational principles of the foregoing type are derived for the initial-value problems associated with the wave and heat conduction equations, thus proving Washizu's conjecture incorrect.
Introduction.
Most of the boundary-value problems of mathematical physics are characterized by variational principles which assert that a function u satisfies such a problem if and only if a given functional is stationary at u. However, there does not seem to exist in the treatise literature any such variational characterization of the usual initial-value problems of interest. As a matter of fact Washizu [1] conjectured that in the case of the transient heat conduction problem such a principle is not possible since the problem is not self-adjoint. In this note, variational principles of the foregoing type are derived for the initial-value problems associated with the wave and heat conduction equations, thus proving Washizu's conjecture incorrect.
The method of deducing such variational principles consists of two steps. First we reduce the initial-value problem to an equivalent boundary-value problem by replacing the relevant partial differential equation with an equivalent integro-differential equation which contains the initial conditions implicitly. Second, we derive a variational principle for this reduced problem. The prime ingredient in the derivation of this variational principle is the use of convolutions.
The techniques employed in this paper may be used to generate variational principles for a large class of initial-value problems (e.g. the initial-value problem associated with the time-dependent Schrodinger equation in quantum mechanics). Variational principles of this type for linear elastodynamics were given previously [2] .
1. Preliminary definitions. Notation. Henceforth R will denote a closed and bounded region in n-dimensional Euclidean space with the interior R and the boundary B, while x = (x-, , x2 , ■ ■ ■ , xn) is a generic point of R. Moreover V is the usual (redimensional) gradient operator and V2 is the Laplacian operator. Throughout this paper we deal with real-valued functions of position x and time t whose n + 1 dimensional domain of definition is the Cartesian product R X [0, °°) of the region R with the time interval [0, <»). We use the standard notation for the convolution of two such functions of position and time, i.e. u * v(x, t) = / u(x, t -t)v(x, r) dr.
(1.1)
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The customary notation for the calculus of variations will be used throughout this paper. Thus let $(•) be a functional defined on a subset K of some function space and suppose u and 5u belong to this space. In the interest of clarity we omit all hypotheses concerning continuity, differentiability, etc. It will be clear from the context what these ought to be. Thus a statement such as "all functions" actually means "all sufficiently smooth functions".
2. The wave problem. Consider the initial-value problem which consists in finding a solution u on R X [0, «>) of the wave equation
that meets the initial conditions
as well as the boundary condition
Here c is a real constant, while u0, v0, and U are prescribed functions. This initial-value problem will be referred to as the wave problem. In order to see the difficulties that arise in trying to deduce a variational characterization of this problem, recall the well-known variational principle for the wave equation. Suppose we are given a positive time t0 and let K,0 be the set of all functions u which meet the boundary conditions u -U on B X (0, t0) as well as
where uto is a prescribed function. Let u t Ku . Then this principle asserts that (x, t) dx dtj = 0 over Ku (2.5) if and only if u meets the wave equation (2.1) on R X (0, f0). This variational principle is of the type represented by Hamilton's principle in classical dynamics. It is clearly inapplicable to the wave problem since it fails to take into account the initial velocity distribution va(x) and presupposes the knowledge of the function u at a later time t"-an item of information not available in advance.
Since the major difficulty in trying to develop a variational principle for the wave problem appears to center around the initial conditions it would seem advisable to develop an alternative formulation of this problem which does not contain the initial conditions explicitly. To this end proceed formally and take the Laplace transform of the wave equation (2.1). This result together with the initial conditions (2. Therefore (2.10), (2.12), (1.2), the divergence theorem, and the associativity and commutativity of the convolution (see for instance [3] ) imply
First suppose u is a solution of the wave problem. Then by the lemma u meets (2.7) and hence (2.11) holds. Conversely suppose u satisfies (2.11). Then (2.13) implies f f W ~ 9 * V2w -f](x, t -r) Su(x, r) dr dx -0 (0 < t < co) (2.14)
J R JO for every 8u which vanishes on B X (0, °°). But this fact together with the fundamental lemma of the calculus of variations implies the validity of (2.7). Thus and by virtue of the previous lemma u meets the wave equation (2.1) as well as the initial conditions (2.2). Moreover, since u e K, the boundary condition (2.3) also holds. This completes the proof.
3. The heat-conduction problem.
We turn now to the heat conduction problem which consists in finding a solution u on R X [0, °°) of the heat equation a2V2W = ft , (3.1) which meets the initial condition u{x, 0) = u0(x), xzR, (3.2) together with the boundary condition u = U on B X (0, ®).
Here a is a real constant, while u0 and U are prescribed functions. We now proceed in the same manner as we did in the case of the wave problem and first prove the following lemma.
Lemma. A function u on R X [0, °°) satisfies the heat equation ( to the right hand side of (2.10) and require that K be the set of all functions u which satisfy u = C/ on X (0, <»). The analogous assertion applies to the heat conduction problem.
H = f X dE(\) or U = f2T eiX dE(\).
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The restriction of H (or U) to the corresponding space will be called the absolutely continuous part of H (or U). The operator H or U will be called absolutely continuous 
